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Abstract. We consider open circular billiards with one and with two holes. The 
exact formulas for escape are obtained which involve the Riemann zeta function and 
Dirichlct L functions. It is shown that the problem of finding the exact asymptotics in 
the small hole limit for escape in some of these billiards is equivalent to the Riemann 
hypothesis. 
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The theory of open dynamical systems where orbits may disappear upon reaching some 
region in phase space just recently started to attract the attention of mathematicians. 
A natural reason for this is because it is much harder in general to study open systems 
in comparison with closed dynamical systems. The theory of closed dynamical systems 
is rather well developed. Therefore these relatively few mathematical studies of open 
dynamical systems are naturally based on ideas and techniques developed in dealing 
with closed systems. However, the studies of open systems may also bring new insights 
to the understanding of dynamics of closed systems as well. 

One of possible paths to explore in this direction was recently suggested in Ref. pp. 
Let us consider open systems with several "holes" (regions where orbits disappear 
upon hitting them) and compare behaviors of such "many-holes" systems with the 
corresponding single-hole systems. The idea is that such comparison may shed a light 
on understanding dynamics of a closed system one gets by "patching" all the holes in 
the open systems. (This approach could be of interest for geometric theory of dynamical 
systems by studying e.g., geodesic flows on manifolds with "holes.") 

This idea has also a lot of potential applications for the real world "physical" 
systems jTj. Indeed, in experimental studies researchers perform measurements outside 
a region of interest ("container") by e.g., measuring fluxes out of the container [3 El El- 
Actually our approach arose from the claim made by one of the authors, who was inspired 
by experiments with the optical billiards, that a comparison of escape rates through 
one and through two holes may shed some light on the dynamics of the corresponding 
closed systems. This approach may even have some potential industrial applications 
related, e.g., to the optimal placement of the holes in order to maximize (or minimize) 
corresponding fluxes. 

One of the most natural classes of the open systems to study is formed by the open 
billiards. The first application of the one-many holes interplay idea has already led to 
a very surprising and, in a sense, remarkable result. Seemingly the simplest problem of 
this type, namely the comparison of dynamics of the circular billiards with one and with 
two opposite holes, is equivalent to the Riemann hypothesis (RH) IJ. Formally, this 
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result opens up a possibility to verify RH in real physical experiments. (It does not seem 
however that it is going to be very fruitful and, especially, practical approach because 
the modern computers provide more efficient tools for that in numerical experiments.) 
On the other hand, this result demonstrates that indeed the studies of open systems 
(and particularly of open billiards) may bring about some interesting and unexpected 
advances in traditional of research. 

The purpose of this paper is to provide the proofs of the results announced in [T] . 

2. Definitions and notations 

Consider a billiard on the unit disk D i.e., a dynamical system generated by the motion 
of a point particle with a constant speed within D with elastic collisions (angle of 
incidence equals angle of reflection) from its boundary. Without any loss of generality we 
assume that the particle's speed is identically one, and therefore its velocity is completely 
defined by an angle d it makes with the horizontal direction, — vr < d < -k. Billiards 
are Hamiltonian systems. Therefore the Liouvillean measure (the phase volume) in the 
phase space M. is preserved under the dynamics (a billiard fiow) {S**}, — oo < t < oo. 

Let M = {(/5, ^Z-) : -vr < /3 < TT, -f < ^ < f }, where /3 G dD. The bilhard fiow in 
D induces the billiard map T : M ^ M defined as 

T(/3,V^) = (/? + 7r-2^,^) (1) 

where is the angle between the outward trajectory and the inner normal aX (3 E dD, 

and all the angles in are taken modulo 2tx. The natural projection M dD we 

denote by proj. Thus proj(/3, ■?/') = /3, where (/?,'?/') ^ 

It is well known that orbits of the billiard in a circle are either periodic with a period 

g(if'?/; = ^ — ^TT, where p and q are co-prime integers and p < q) or everywhere dense 

in dD (if ip is incommensurable with vr). The billiard map T preserves the measure 
cos 

dfi = — — dip dp (2) 

4:71 

which is the projection of the Liouvillean measure in the phase space Ai of the billiard 
fiow onto M. 

Suppose that two (possibly overlapping) holes Hi = {(3, < /5 < A} and 
if2 = {/3 : 6* < /3 < 6* + A}, < 6* < 27r, A > 0, are placed at the boundary dD. 
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Consider now a new dynamical system, an open billiard in dD with holes Hi and H2- 
In this open billiard any orbit {(3q, ipo) moves under the billiard map (Q) until it hits one 
of the holes Hi and H2. When the orbit hits Hi U H2 it "disappears" (escapes). 

Obviously, almost all (with respect to the measure /i) orbits will eventually escape. 
The only orbits that never escape are such periodic orbits that never hit HiUH2. Denote 
Hi = ■.peHi},i = 1,2. Thus proj Hi = Hi, i = 1,2. By dist(/?i, /^a), A e dD, 

z = 1, 2, we will mean the length of the shortest arc between jSi and (32- 

Let iV(/5o, V'o)) iPo, V'o) G M be a (minimal) number of reflections from the boundary 
after which the orbit T"'{Po, ipo) = (/?„, ipn), n = 1,2, . . . escapes from the circle. (If the 
orbit of {Po, ipo) never escapes we set N{Pq, i/jq) = 00.) Therefore the orbit (/5o, ipo) 
escapes from the circle in a (real, continuous) time t{Pq,iPq) = 2 cosiPoN{Pq,iPq). 

3. Structure of the set of orbits not escaping in time t 

Clearly, the only orbits that never escape are those periodic orbits with periods q < ^ 
which never hit the holes HiU H2. 

All orbits of a rotation of the circle at any irrational (with respect to vr) angle are 
everywhere dense (on the circle). Therefore all orbits of irrational rotations of the circle 
eventually escape regardless of the size A > of the holes. 

We will always assume in what follows that A < |. Then there exists a periodic 
orbit of period two which never escapes. 

The following statement obviously holds. 

Lemma 1 If A < ^, n > 2, then there exists a periodic orbit of period n which never 
escapes. 

Lemma 2 If A < ^, n > 2, then for any t > there exists a nonperiodic orbit which 
does not escape till time t. 

Proof. Let ^ — A = 5 > 0. By Lemma ^ there exists a periodic orbit {l3i,ip), 
i = 1,2, ...,n, T{Pi,^) = (Pi+i,^) if 1 < 2 < n - 1, T{PnA) = iPi,"^), such that 
mini<j<„ dist(/5j, {Hi U ^^2}) = |- Therefore for any t > and for any j, 1 < j < n, 
there exists such aj^t = C(jA^) ^^^^ orbits of all points {Pj, ip) with \ip — < aj^t do not 
escape from the circle till time t. 
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Clearly, smaller the difference \ip — is, longer the corresponding orbit will not 
escape. 

Denote by Aft the set of all orbits that do not escape till the time t. We will show that 
for sufficiently large t, the set At can be decomposed into the union of nonintersecting 
neighborhoods of never escaping periodic orbits. 

Lemma 3 Let x' = {/S, ip') and x" = {(3, ip") be the points of two never escaping periodic 
orbits with periods n' and n" respectively. Then x' and x" belong to different connected 
components of the sets Aft ift> 2{n' + n" — 1) max(cos'0', cosip"). 

Proof. Suppose n" > n' and n" ^ kn', where /c > is an integer. Consider the set 
^/9,V'' ,■!/'" — {{P:'^) : '0' < '0 < V'"}- (We assumed here that ■0" > V''- But the same 
argument can be apphed if ■0" < ■0'-) Clearly picoj{TAi3^^i^^ii) is the arc of dD between 
the points proj(Ta;') and proj(Ta;"). Analogously proj(T'"A^^^/^^"), 1 < m < n', is the 
arc between proj(T™'a;') and proj(T™'x"). 

Now we show that proj^(J^^^ ~^ T"^Ap^^'^^»^ — dD. Recall that x' and x" are 
never escaping periodic orbits. Observe that the circle dD is divided by the points 
proj(T"*a;'), < m < n' - 1, and proj(r"*x"), < m < n" - 1 into at most n' + n" -1 
arcs. We will call these arcs minimal arcs. Clearly each arc between proj(T™a;') and 
proj(T™a;"), covers at least one minimal arc that was not covered by the arcs between 
proj(T'"^~^a;') and proj(T'"^~^x"). Indeed, otherwise the corresponding preimage of this 
arc also covered only minimal arcs already covered by the previous iterations of T. 
Continuing this argument we will come back to the point /? e dD and to a contradiction. 
Therefore, not more than by (n' + n" — 1) iterations all the circle dD will be covered. 
Hence, within (n' + n" — 1) iterates of the billiard map T the projections on dD of the 
corresponding images of the set Ap^^/^^n will completely cover the hole Hi and the hole 
H2. Thus after that time the iterates of x' and x" will belong to different connected 
components of the sets A/t. The case n" = kn' is even simpler to consider and the 
analysis goes along the same lines. 

We will show now that any connected component of the set A* contains some 
interval /^m,/3i,/32 — {{P:'^) '■ "^1^ — ^ ~ — Pi ^ P ^ P2}- Observe that the orbit of the 
point f — ^ tt) has period n and the P values are equally spaced at intervals of ^. 
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The next statement assures that any connected component of the set of nonescaping 
orbits Aft for any t contains never escaping periodic orbits. Let (a, b) denote the gcf (a, b). 

Lemma 4 All nonempty connected components of the set Aft for all t > contain a 
point of a never escaping periodic orbit. 

Proof. Let mi/rii, {mi,ni) — 1, i = 1,2 be consecutive fractions among all 
m/n, (m, n) — 1, ^ > A, i.e. Farey numbers. Assume at first that for some /3 
periodic orbits of both points xi = | — ^vr), X2 = | — ^tt) never escape. 
Consider the sets 

./I- Vi /I TT ^ 1 TT ^ I I IT OjllxA. 

P,-o -TT.-^ — -7T-\- 7 ■. r 

' 2 n-^ ' 2 n-^{n-^^-\-n2) 

^(2) ^ ^(2) 

^'2 n2 7i2(ni+n2)'2 712 



Because — and ^ are the consecutive Farey numbers (with denominators not exceeding 

ni n2 J \ o 

m) 

where [a] denotes the integer part of the number a. 

Consider proj(T"'A(*)), i — 1,2. It is easy to calculate that the length of each of 
these two arcs of dD equals 2n / (ni + 77,2). The well known property of Farey numbers 
ensures that (ni + 772) > [^] + 1. Therefore the distance between the projection (3 of 
any point {(3,i/j) e ^1^^ i = 1,2, and the projection proj(T"*(/3, -0)) does not exceed 



2lT 



< A. 



ni+n2 

The last inequality ensures that all images of the point V') € A^^^ U A'^'^^ belong 
(before escaping) to the same connected component of the sets A/t to which belong at 
least one point of the periodic orbit (/3, | — ^tt) or of (/?, | — ^tt) or of each of these 
periodic orbits (if t is sufficiently small) . 

Let now assume that one or both of the points Xi, i = 1, 2 do escape. Then for 
some k > proj(T'''a;i) belongs to Hi U H2. (The consideration is absolutely analogous 
if the orbit of X2 escapes at some bounce off the boundary of the disk D.) Consider 
all the points of the set T'^A^^^ that have not escaped to this moment. Among these 
points must be one with projection at the end point of the hole H^, where T'^Xi escaped. 



Escape from a circle and Riemann hypotheses 7 

Consider now the point X3 that goes from this point under the angle | — ^vr. Obviously 
this point is periodic and the corresponding periodic orbit will never escape. 

Consider all the points of the set T'^A^^^ that have not escaped to this moment. 
Clearly, the length of the projection of this set onto the boundary of D does not exceed 
11 /{ni + ^2) < A/2. Therefore all periodic orbits that go from the points of this set 
under the angle 7r/2 — ixmi/ni will never escape. 

On the other hand from the above argument in the proof it follows that all the 
points of the images of the set A^^^ will belong (until the escape) to the same connected 
component of the set N't as the images of the never escaping periodic point T~^x^. This 
completes the proof of Lemma 4. 

Lemmas El and 0] imply that the following statement holds. 

Theorem 1 Lett> 4[^]. Then every connected component Bi, i = 1,2, ... ,m m = 
m(A) of the set Mt of orbits never escaping till time t contains a unique segment 
li = {{j3,ip), A,i < P < A,2} consisting of never escaping periodic orbits. 

4. Probability of not escaping till time t 

We now compute the measure fi{Mt) of the set of all orbits that do not escape till time 
t. Lemmas HHH imply that [i^Mt) > for any t < 00. 

Denote ipm^n = f ~ where m < n, {m,n) = 1, n < . Clearly 

Ut C M\{jlll{T-^{Hi U i^s)) if t > 2 [^]. In what follows we will always assume 
that t > ^. 

Let {I3,ip) G A/j. Then in view of Lemma 0] and Theorem^ the coordinate can 
be uniquely represented as ip = ipm,n + ^, where |?7| < A/2. It is easy to see that the 
orbit of the point {(3, ip) escapes not later than at the time t if there exists such integer 
k,Q<k< r that 

projr^(A^)GifiUi/2 (3) 

Denote by Tm.n rotation of the circle dD on the angle il)m,n- Lemma E] and Theorem [2 
ensure that every connected component of the set N't can be uniquely represented 
as AiQ,^^_, where m < n, {m,n) = 1, n < and < j < 2ra — 1 if 

H2 n {Hi U Tm,nHi U U ■ ■ ■ U T^-^Hi) = or, otherwise, < j < n - 1. 



Escape from a circle and Riemann hypotheses 8 

Let 9' = e{mod^). li 6' < A then the set dD\ UfclJ^m.nl^i U H2) consists of n 
arcs of the length — — 6' — A, otherwise it consists of 2n arcs, n of which are of the 
length ^ — 9' — A and another n arcs are of the length ^' — A. We will call these arcs 
complements to a hole's orbit. 

Thus one can write 

M= U U^L.., (4) 

m<n j 
(m,n)=l 

where < j < 2n — l ot < j < n — 1. Consider now all connected components A/"^^ ^ . , 
< j < 2n — 1 (the case when < j < ri — 1 can be treated analogously and, in fact, is 
slightly simpler). According to Lemma lU and Theorem Q all M^^^. are closed sets for 
any m, n, j. 

We will call a connected component A/"^^ ^ a basic component if proj (A/"^^ „ ^ ) 
adjacent to a hole Hi or H2- (Observe that in the case when < j < 2n — 1 there are 
four basic components for a fixed m, n while if < j < n — 1 then there are two basic 
components.) In each basic component we will single out a closed subset which will be 
called a basic set in what follows (instead of its longer name a basic subset of a basic 
component). 

Definition 1 A basic subset AAl C Mi consists of all points (/3, %h) G Mi 
such that 

dist(/?, H) < dist (proj (T"(/3, ij)),H) 
where if is a hole adjacent to proj (A/"^^ ^ ^ ) , i.e.. Hi or H2. 

Observe that the above inequality is well defined because dist (/5, proj (T"(/3, ■?/')) < 
A. It is easy to see that each basic component A/"^^^^ contains one and only one basic 
subset. Therefore for any pair of positive integers m < n, {m,n) = 1, > A there 
exist four (in the case we consider, otherwise two) basic subsets A/'^*^, i = 1,2,3,4. 

A crucial fact is that for any point (/5, ip) ^ A/"^^ ^ there exist one and only one k, 
< k < n, and one and only one i, i = 1,2,3,4, such that T''{(3,ip) G Mmn- Indeed, 
it follows from the definition of the basic set. Lemma El and the obvious relation that 
proj(T'=(/?, ip)) ^HiUH2 for any < A; < n. 
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Certainly proHAf^iJ f] (Ufc^J ^m,n(^i U ^^2)) = for i = 1,2,3,4. Therefore 
projections of two {i = 1, 2) basic sets have the length ^ — 6' — A, and of two others 
{i = 3, 4) 6' — A. (Recall that we consider only the case < j < 2ri — 1.) 

It follows from the definition of the basic sets that if {(3, ijj) G .Afmn then ip > 'il>rn,n 
while if {(3,'il>) G -Af^^ then ijj < 'il>m,n (or vice versa). The same statement is true for 
the basic sets A/'^^„ and AT^^^, i.e., for i = 3 and i = A. 

Consider now the sets ■f^m,n,k^ ■^m,n,k ^ ■^i/.„ ' /c = 0, 1, . . . , n — 1, where 



ym.n ' 



and 

It is easy to see that the sets Af^nnk -^mnk disjoint. Moreover, J\f^nki ^ 
^L,nM = (^m,n,fci ^^L,nM = ^) ^1 ^ ^2- Therefore we can write 

^ft= [J u(<".^u^O (5) 

m<n k=Q ^ ^ 
(m,n)=l 

It follows from © and (0) that 

f^i-^t) = ^/^ / sin(?/'m,„ + r7)(i?7 

(m,n)=l 
"<[^] 

+ / / ^^{ipm^n + V)dri\ (6) 

where the coordinates (3 on proj(A/'^\j) and on proj(A/'^^„) (or on proj(A/'^^„) and on 
proj(A/'^''„)) are naturally identified. The orbit {(3,i/jm,n + ^) escapes not later than at 
the time t if there exists such integer r, < r < [ ^^.^^i ^_^^ ] that proj T^{P, ip) G H1UH2. 

Denote Ar^„^„„, = AT^^^^^ n {(/5,^) : /3 = /3o}, < £ < n. Then, in view of 
Lemma Eland Theorem^ 

where r]:^ „^ = ■r]m,nii3 ^ ^) ^ Vm,n = Vm,nii3^^), < i < n, but we will often drop the 
dependence on P and i to simplify notations. 
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Clearly t/2cos{4'rn,n + Vm,n) t/'^cos{4'm,n + Vm,n) both integers. Moreover, 
for any rj > rj^^iv > Vmn) escape occurs before the time t. Therefore, either 

Correspondingly, either 

p,oj 3.[V2cos(v-™,„+,+ ,„)](^^^^^^ + ^+ J = (A,^^,„ + r7+ J or 
proj Tl*/2-«(^™."+'?^.")] + r7+, J = (A + ^, V',r.,n + J. 

Denote by Pp^^ (Ppmn) distances (the lengths of the arcs) from P to the ends 
(of the closest to P) connected components of proj (A/"^^ ^ ) . Then, according to ((H), we 
have 

where = ri{(3,m,n) is a positive integer. Analogously 

— + ?7m,„(/5,^)j = t 

(Tfi \ 
Vn(A^)j =t (8) 

Recall that n < . Let t > Then ri{P,m,n) = K{P,m,n)n + £ where 

< i < n — 1. It easily follows from Lemmas |21 and 0] that K{f3i, m, n) = K{(32, fn, n) for 
any /?i,/32 G proj (A/"^^ ^ J , < £ < n. Therefore, in what follows we will write K{m,n) 
instead of K{i3, m, n). 

From ((7j) and (jH)) we get after some tedious but elementary computations 

1 I < <-(^'^') <i + ^ (9) 

^ 2 ^ V^AP.j) ^ ^ ^ 3 



if (m, n) - 1 r?-,„(/?, i) if(m, n) - 1 

for any pair of integers i,j,0<i<n — l,0<j<?7. — 1. Another easy estimate gives 
that for any < £ < n 

if (m, n) - 1< ^ . \ , in < ^) + 1, (10) 

2nsm (f 7r + r/+ „(/3,j)) 

K{m, n) — 1 < -T- < K{m, n) + 1. 

2nsin(f 7r-r7-^„(/3,j)) 
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Finally (0), ©, CD), ©, ©, and dTUD imply the following estimate of ;u(A/'t) 



- y 



m<n,(m, 7i)=l, 



K{m, n) — 1 



n 



[9{^-e'-^)+9{e'-e)] . 



m 



sm — IT 

n 



n<\ 



< M) < 



E 



m<n,{m,n)=l, 



Kim, n) ~ 1 



n[g{^-e'-e)+g{d'-e)\ 



2 

sm — TT 

n 



where g{x) 



Theorem 2 



X 

0, 



X > 
otherwise. 



27r/A] 



Poo(^, A) = lim = ^ V 

71=1 

where 4>{n) is the Euler function and fi{n) is the Mohius function. 

Proof. Clearly limf^oo K{m, n) = oo. We apply now the Ramanujan identity jS] 

n-l 



(12) 



E 

m=0 
{m,n)=l 



(13) 



Then 



n— 1 ^ n—1 

Er, /"Km\ 1 \ ^ 

™' (— ) = -I E 



^jKim/n — 7rim/n\2 



m=0 
{m,n)=l 



m=0 
(»n,n.)=l 



n-l 



2^Ji{n)-2 1 



m=0 



(n) - fi{n) 



{m,n)=l J 



which together with (jllj) imply (jl2p . 



5. The limit of small holes 



The function Poo{d, A) is piecewise smooth with respect to each of 6 and A. The sum 
in (fT^ is finite, which becomes infinite when A ^ 0. 

We will study the limiting behavior of Poo{6,A) as A ^ 0. First, we change 
[27r/A] onto oo in the upper limit of ^ in just by formally adding to the sum 
terms identically equal zero for finite A. 
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(14) 



The transform Pe{s) exists if the integral \Poo{9, A)\A''~^dA is bounded for some 
A; > 0. It is certainly the case because Poo{G, A) = when A > vr, and therefore ()14p 
converges for sufficiently large s. 
Then the inverse transform 



A) 



2TTi 



C+iOO 



A-'Pe{s)ds 



(15) 



also exists if c > A;, i.e., if c is greater than the real parts of all the poles of Peis). 
Write ^' = ^ where {x} is the fractional part of x. Then 

'27r 



Pois) 



-J2n{<P{n) - fi{n)) / A^^ 

n=l 

AfdA 



-e' -A 



n 



+ I A 
'o 

oo 



s-l/nf 



-^n(0(n)-M^))' ^ 



n=l 

1 (27r)^+i 



2s(s + l)(s + 2) 



n=l 



s(s + l)(s + 2 
(n) - /x(n) 



n 



s+l 



2n 



s+2 



2^ 



If s is sufficiently large then the convergence of the series (fT^ is uniform in A. 
Therefore we can interchange the sum and the integral in (fT^ . and then integrate over 
A. The result is 



P. 



A) 



1 

27ri 



C+lOO 



dsA-'{2Ti 



\s+l 



2s(s + l)(s + 2) 



s+2 



E 

n=l 



0(n) - /i(n) 



2^]] ^ 1 27r 



s+2 



(16) 



6. Rational angles between holes 



In what follows we suppose that the angle 9 between the holes Hi and H2 is a rational 

multiple of vr, i.e., 6* = 27r^, (r, g) = 1. In particular, one gets a single hole case by 

letting r = 0, g = 1. 

For any positive integer a consider the sum 
^(n) - /i(n) 



E 

n=a( mod g) 



s+l 



:i7) 
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Transform now (jl7|) by dividing all the terms through by the greatest common divisor 
h = (a, q). Then we get 



where n' = n/b, a' = a/b, q' = q/b, where (a', q') = 1. 

To make the paper self-contained we recall now some facts about the Dirichlet 
characters (see, e.g., for more details). Dirichlet's characters to the modulus q are 
multiplicative functions x(^) of integer variable n which are periodic with period q. 
The conjugacy classes modulo q which are coprime to q form an abelian group under 
multiplication. 

It is easy to see that the order of this group equals (f>(q). Besides it is a finite 
abelian group. Therefore it has 0(g) irreducible representations x('^) where (n, q) = 1. 
The characters x(^) ^i^^e in this case the complex roots of unity, i.e., x('^)x(^) = x{^^)- 
This definition is extended by setting x{^) = 0? if (^) q) > ^■ 

By the orthogonality relation 



where Sa,n = 1, if a = n(mod g), zero otherwise, and x denotes a complex conjugate to 
a number x. 

By inserting (fT^ into (fTHj) we get 




(18) 




(19) 






p\n',p\b 

where = if p | 6. Farther 




(23) 



n=l 



P 
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where (^{s) is the Riemann zeta function. Now by making use of the Mobius transform 
we get 

n=l ' ^ ^ 



n=l 



Therefore 



(0(n) -/x(n)) ^ C(s) - 1 (^r\ 

ns+i ((s +1) ^ ^ 

Analogously 

X(n)(0(n) -/x(n)) ^ - 1 ^261 

^ n^+i ^(« + l,x) ^ ^ 

Finally we have 

0(n) - /x(n) 



E 

nsa( mod g) 



^ + 1, x) np|6(i - x(p)p-^-^) ^ ^ 

where the characters are taken modulo q' and 

n=l P ^ / 

is the Dirichlet L function. 

If gf' = 1 then L(s, x) reduces to the Riemann zeta function For each q' there 
is a trivial character xW) that assumes the value 1 for all a' coprime to q'. Therefore 

L{s,l) = as)Yl{l-p-^). (29) 

p\q' 

Let 

"/''^ ^ 2s(s + l)(s + 2) ^ 6-+V(g') 

^ V x(aOW)i-(^,x)-/^(^)) 
^i^(« + l,x)np|.(l-x(p)p-^-^)' ^ ^ 

where, as above, b = {a,q), a' — a/b, q' — q/b and the characters are taken mod q' . 

We note that odd characters (i.e. x(~l) = ~1) ^"^^ their L functions in the above 

expression cancel. 

The function Pr/q{s) has poles at s = 0, s = —1, s — —2, at zeros of L{s + l,x) 
and at poles of L(s,x)- Dirichlet's function L{s + l,x) with even x has trivial zeros 
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q 


P{s) 


1 


(2^)'^+^(C(s)-l) 






2s(s + l)(s + 2)C(s + 1) 




2 












3 


(27r/3)^+i(3«(7C(s) + 2'+\C{s) - 1) + 2) - C(s)(2^+2 - 


f 1) 




2s(s + l)(s + 2)(3-+i - l)C(s + 1) 




4 


(7r/2)^+i(2^(13C(s) + 3^+2(C(s) - 1) + 3) - C(s)(3^+2 4 


-5)) 




4s(s + l)(s + 2)(2-^+i - l)C(s + 1) 




6 


[(7r/3)''+^(6=+8.12''-25.30'' + (l-3.2''-13.3=-8.4' 




+25.5= +27.6" -25. 10= +8. 12= -25. 15= +25.30= )C(s))] 






x[2s(s+l)(s+2)(2=+i-l)(3= + i-l)C(s+l)]"' 





Table 1. The function Pr/q{s) (Eq. (EOl) for q = 1, 2, 3, 4, 6 and r = 1. 

at s = —(2m + 1), where m = 1,2,... All other (nontrivial) zeros of L{s + 1, x) 
have real part Res = —1/2 assuming that the extended Riemann hypothesis that is 
concerned with the Dirichlet functions 5] is correct. 

7. The simplest placements of two holes and the Riemann hypothesis 

In this section we consider several specific values of q, when a number of characters does 
not exceed 2, i.e., (j){q) < 2. There are thus five such values g = 1,2,3,4 and 6. In all 
these cases the only even character is the trivial character, so the function Pr/q{s) in 
()30|) contains the Riemann zeta function and no other L functions. 

Below there are two tables. The first table gives the exact expressions for the 
function Pi/g(s) for q = 1,2,3,4,6 and r = 1. The second table contains the 
corresponding residues. (Except for the last lines for q = 6 these two tables were 
pubhshed in p.) 

We now list some properties of the Riemann zeta function that will be needed 
in what follows. Riemann proved that ^-function satisfies to the following functional 
equation 

r (0 vr-n(^) = r vr-(-^)/^C(l - s) (31) 

which can also be written in the following (nonsymmetric) form 

C(l-s)=2i-^7r-^cos(^s)r(s)C(s) (32) 

where r(s) is the gamma function. 
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-2 



_ 13 
12 
_ 1 
6 

1 _ 5 In 2 
4 9 In 3 
1 _ 11 In 3 
'3 16 In 2 



-3 

"TT9~ 



[5 In 5(10 In 3-7 In 5)+ln 2(55 In 5-76 In 3) 
1 +(101n5-81n2)(71nA+12C'(-l))] 
X [72 In 2 In 3] " ^ 



2lT 


57607r^C'(- 


2) 





1 

7207r^C'(- 


-2) 


J3_ 


49 






51207r^C'(- 


2) 


3 


109 




7r 


16207r^C'(- 


2) 


3 


79 




27r 


64007r2|;'( 


-2) 



Table 2. Some residues of Pr/q(s)A~* given in table Q divided by the factor A~*. 
The In A appears for (7 = 6 due to a double pole at s = —1. There are also poles for 
further negative odd s, and along the critical line TZe s = —1/2. . 



It is well known also that ({0) = — |, ({—2m) = 0, 



C(l - 2m) 



2m 



(33) 



where m = 1, 2 . . ., and Bi,B2, . . . are Bernoulli numbers. The following approximating 
formula holds for the Bernoulli numbers 



52^~(-l)'"-'4V^( 



m \ 
vre/ 



2m 



(34) 



Another well known fact is that r(s) has poles of order 1 at s = — m for all integers 
m > and 



Res{T, — m) 



m! 



(35) 



where Res{f, a) denotes the residue of the function f{x) at the point x = a. 
Lemma 5 Let g = 1, 2, 3, 4 or 6, then 

y2Res{Pi/g{s)A~') < CA|lnA|, 

3 

where C > is a constant and the sum is taken over sj = —1, —2 and over all trivial 
zeros of ({s + 1), i.e., over all odd negative integers m < —3. 

By combining (jS2I), (jHHjl . (jSll), with and Stirling formula we obtain that 
\"^Res{Pi,g{s))\ < ^|i?es(Pi/,(s))| < const 



and Lemma follows. 
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Remark 1 The (extra) factor |lnA| appears in the right hand side of the above 
estimate because of the double pole at s = — 1 for g = 6. For q = 1,2,3,4 this 
factor is not needed. 

It is well known [6] that for r > tq > uniformly in a the following estimates hold 

1, a>2 
logr, 1<(T<2 



((a + zr) = O < 



r(i-'^)/Mogr, 0<a<l ^^^^ 



^ r^/2"'"logr, a < 0. 
We will consider now nontrivial zeros of the Riemann zeta function located at the 

critical strip < a < 1. Let N{t) denotes the number of zeros of ({s) = C(o" + it) in the 

region {(cr, t) : < o" < 1, < t < T} of the critical strip. Then [H] 

N{T) = LiogIL.L + l + o(logT) (37) 

ZVr ZTT ZTT O 

We now assume that the Riemann hypothesis (RH) is correct and use several of its well 
known consequences. 

Let S{t) denote the multiphcity of the complex zero S = ^ + it of Ci^)- Then on 

RH 

S(t)^0(^) (38) 



log logt^ 

We will construct an infinite sequence of contours Cn over which the integration of the 
function Pr/q{s) (see (I3(J|) ) will be performed in what follows. Each contour in this 
sequence will contain two vertical segments 

In{ko) = {s = a + ir : a = ko, -a„ < r < a„} 

and = {s = (7 + ir : a = —bn, —a.^ < t < a„}, where 6„ = 2n, and two horizontal 
segments = {s = a + ir : — 6„ < cr < /cq, r = a„} and = {s = a + ir : —bn < cr < 
ko,T = — «„}. We choose ko large enough to ensure uniform convergence of the Mellin 
transform (fT^ and assume from now on that A < 1.. 

Lemma 6 There exists an infinite sequence of contours Cn with an ^ oo as n —* oo 
such that 

lim / Pr/q{s)A-'ds = 

for any entry in the Table 1 (i.e., for q = l,2,3,4,6j. 



Escape from a circle and Riemann hypotheses 18 

Proof. One gets from the Table 1 that s = 1 is the only pole of Pr/q{s). Therefore we 
will assume that > 1. Besides, it is easy to see from the Table 1 that it is enough to 
consider instead of P(s) the function 

Pis) = (2")^^^ C(^) 

2qs+is{s + l){s + 2)C{s + l)' 

We will start with the vertical segment I^. By making use of the functional equation 

we get 

C(g) _ s sinfg C(l-g) .^q^ 
C(s+1) 2sin(^ C(-^) ^ ' 



Because of the relation ({s) = C{s), where s denotes the complex conjugate to 
the complex number s, it is enough to consider [j+ P(s)A~'^ds. The estimates for 
fj- P(s)A~'^ds are quite analogous. 

Clearly, the major problem with estimating of these integrals is caused by the zeros 
of ({s + 1) in the denominator of P{s). Therefore we partition the horizontal segment 
into the union of three segments 

^n,i = {s = a + ir : -2n < a < -1, r = a„}, 
1^2 = {s = (7 + ir : —1 < a < 0, T = an}, and 
In,3 = {s = (J + ir : < a < ko, T = an}- 

Observe that the lengths of ^'^'^ ^ns constants. These sets are not exactly 

defined though because the values of a„ are not specified yet. We will make a choice of 

a„ now. To do that we assume the validity of the Riemann hypothesis. Then [6, each 

interval (r, r + 1) on the critical line o" = | contains a value of r such that 

( 4 log ^ log log log iAn\ 
\C[s)\ > exp -Ai — (40) 



log log T 

where Ai is an absolute constant. 

We now choose a„ so that < a„ < n + 1 and C (| + ^'^n) satisfies (jlOI). The next 
two estimates that we will use also hold on the assumption that the Riemann hypothesis 
is correct 0. 

The first fact is that for any sufficiently small e > 

C(.) = 0(r^) and ^ = O(r^) (41) 
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if i + 1^^^ < cr. Clearly ^ together with dHj) gives that lim^^oo P{s)/^-'ds = 0. 
Another estimate works in the vicinity of the critical line | < cr < ^ + ^ jS] 

■og|CWI>^^log| , , 1, (42) 

log log r [ (a - i) loglogr J 

where A2 is another absolute constant. 

Now (gni), (gH), dig) and the last (fourth) estimate in §^ applied for -1 < cr < 
imply that lim„^oo ]]+ -P(s) A^'^c/s = 0. 

n,2 

In the estimates of the integrals of P{s) over I^^ and the term s{s + + 2) 
in the denominator ensures the needed results. Indeed, consider first J^g. Then (PT|l 
implies that P(s)A~'^ds — > 0. For Jj", we will again use the trick with the reflection 
(the functional equation). Then the relation ()39p together with the estimates ()4H) 
ensures that on I^^^P{s) satisfies the inequality |-P(s)| < \n\'^, where < 7 < 1. The 
length of I^i equals 2n. Thus lim„^oo /?+ P{s)A^'^ds = and Lemma El follows. 

' n,l 

Lemma 7 Assume that RH is correct. Let q = 1,2,3,4 or 6, {r,q) = 1, then for any 
a>0 

< J2 Res {Pr/g{s)A-') < CiA^/'-°, (43) 
j 



where the sum is taken over all nontrivial zeros of ({s) and Ci,C2 > are some 
constants. 

Proof. Observe, at first, that all expressions for Pr/q{s) in the Table 1 have ({s + 1) in 
denominators. Therefore all poles outside the real line correspond to zeros of ({s + 1) 
and under RH are located on the line s = — | + ir, —00 < r < 00. 

It is easy to see that residue at each zero of (^(s + 1) with multiplicity m results in 
the extra factor (In A)™"^^ in the expression for the residue at this zero. 

By making use of (jnH|) we get for any fixed A and for sufficiently large r 

|logA|^(^) < r'' (44) 

where < 5 < 1/2. 

From (jS7|), dnil), (ED) and dSD we have for sufficiently large T 

00 00 
1^ Res {Py,{s)) = \Y, (^V.(^)) 



j=l " 2~^'^''~3 n=0 n<Tj<n+l' 



+iTi 
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oo 

(n + l) 



n=0 n<Tj<n+l 

^E^<oo (45, 



n=0 



Observe that convergence (or divergence) of the series in (j^^ is not influenced by the 
constant factor A^/^. Thus Lemma [3 follows. 
From Lemmas El and [7| follows 

Theorem 3 Consider a billiard in the unit circle with two holes [0, A] and 
2iT^ ,2tt^ + A , where q = 1,2,3,4 and 6, < r < q are integers, {r,q) = 1. // 
t > f(t)A~^, where f{t) > and limt^oo f{t) = oo, then 

Poo (-, a] = hm /x(M) = V Res Pr/g{s)A-' (46) 
where summation is taken over all residues of the function Pr/q{s). 

Proof. Consider the sequence of contours C„ constructed in the proof of Lemma IHl 
Then 

r _ pko+ioo 

lim / Pr/g{s)A-'ds = / Pr/g{s)A-'ds. 

Jc„ Jko-ioo 

Farther applying the residue theorem and Lemmas and [7| to the integral 
Pr/q{s)A'''^ds and letting n ^ oo we obtain that JI^°^^^ Pr/s{s)A~^ds = 
Y,,ResPriq{s)A-' < oo. The relation (gH)) follows from (USD and pijl . 

Combining now Theorems |21 and El with Lemmas El and [7| and with the first row 
in the Table 2 we obtain 

Theorem 4 Consider an open circular billiard with one hole (i.e., with two holes of the 
same length A placed on top of each other). Let Pi{t,A) denotes the probability that a 
particle will not escape till time t. Then, assuming that RH is correct, for any a > 

lim lim A"~^/2 [tPi {t, A) - 2/ A] = (47) 

The inverse statement is also true. 
Theorem jH Consider the same open circular billiard as in Theorem 01 Then the 
validity of the relation implies RH. 

Proof. Suppose that RH is not true. Then the Riemann zeta function ({s) has at least 
one zero Sq in the critical strip which is outside the critical line, i.e., Sq = (| + 7 + ir). 
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where 7 7^ 0, I7I < |. The functional equation (^1]) ensures that = 0, where 

Si = J — 'J + it. But either Re sq < ^ or Re si < |, which imply that instead of A"""^/^ 
in (fTfjl one must have a /s^o'-^MRe so,Re si) ^j^jggg g^j^^ Qf residues of Pi/q{s)A~^ 
over all zeros in the critical strip with the real parts less than ^ is identically (for all 
< A < Ao) equal to zero. It is easy to see that it cannot occur. Thus we come to the 
contradiction which proves Theorem EJ. 

Consider now circular billiard with two opposite (symmetric with respect to the 
center) holes with lengths A. Denote by P2(t,A) probability that the billiard particle 
will not escape from this circle till time t. 

From the first two rows in the Tables 1 and 2 we have that the relation (j47p is 
equivalent to the statement that 

lim lim A''-^/'^[tPi{t, A) - 2tP2(t, A)] = (48) 

A— >0 t^oo 

for any a > 0. Thus one can formulate the analogs of the Theorems ID and EJ by 
substituting PHj) instead of (@7j). Therefore RH is equivalent to (j^Hj) which relates 
asymptotics of probabilities to escape in a circular billiard with one and with two 
symmetric holes. 

Certainly one can use another rows in Tables 1 and 2 to formulate statements 
equivalent to RH in open billiards with two holes places under the angles ^ and |. 

Moreover, in fact the analogous statements hold for open circular billiards with any 
number of q holes with lengths A which are equally spaced over the circle on the angle 

q 

Theorem 5 Consider an open circular billiard with q > 2 holes of the same length A 
with the centers placed at the vertices of a right convex q-angle. Let Pq{t,A) denotes 
the probability that the particle will not escape through this system of q (different) holes 
and P['^\t, A) denotes the probability that the particle will not escape till time t in case 
when all these holes are placed on top of each other. Then, assuming that RH is correct, 
for any a > 

lim lim A''-h[P[''\t, A) - qPq{t, A)] = (49) 
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The proof of Theorem El is completely analogous to the proof of Theorem 0] 
Theorem ^ remains valid for this system. The formula in Theorem |21 becomes 

Pg(A) = lim t^l{Nt{q)) = ^y, n{(t>{n) - fi{n))qg (—^ - A ) 
t^oo gTT \nq J 

where q = q/gcf{n, q) and the sum is over n for which the argument of the g function 
is positive. The sum is then written in terms of fi = n/gcf{n, q) with the result 



n.=l ^ ^ 



The Mellin transform of this is then 

P is) - (50) 

for which the case q = 2 has already been given in Table 1. 

The proof of the next statement is completely analogous to the one of Theorem HJ. 
Theorem [5l Consider the same open circular billiard with q uniformly placed holes as 
in Theorem m Then the relation implies RH. 

8. Concluding Remarks 

It is quite likely that the results of this paper can be readily generalized for Dirichlet L 
functions. Indeed, the main formula (jHIH) for two holes escape with arbitrary rational 
angles between holes explicitly involves all L{s, x) with even nontrivial characters x- 
We conjecture that the corresponding A^/^ asymptotics for the two holes escape is 
equivalent to the extended RH for even characters. We reserve the term generalized 
RH for more general L-functions over number fields, elliptic curves, etc. It seems very 
interesting though whether the generalized RH is equivalent to a particular asymptotics 
of the escape in some specific classes of open dynamical systems. The most natural 
candidates for these systems are geodesic and contact flows on manifolds. 

Another natural further problem is to compute the second order asymptotics of 
the escape from the open circular billiard through two holes placed under irrational 
(mod vr) angles. The leading order (in A) behavior in this case remains the same 
though [T]. 
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